We consider compact binary systems in f (R) gravity theories in the Palatini approach and calculate the post-Newtonian parameters to the 1.5PN order using the method of Direct Integration of the Relaxed Einstein equations (DIRE). The Palatini-type modifications of gravity can be formulated as Einsteins gravity with modified response to matter sources, and it is shown in detail how to treat these correctly within the DIRE formalism. Our results explicitly confirm the expectation that for binary black holes the new effects can be absorbed into redefinitions of the binary masses, rendering such systems observationally identical to general relativity.
I. INTRODUCTION
There is considerable interest in extensions of Einstein's general relativity (GR). Among the outstanding problems that GR alone is unable to address is the cosmological constant problem [1] at the infrared, and the singularities at the ultraviolet (for recent progress, see e.g. [2, 3] ). Cosmological motivations for extensions include the observed acceleration of the expansion rate of the universe, which has inspired a plethora of gravity models that at best may be falsifiable only by their cosmological predictions [4] for the data from probes such as the Euclid satellite [5] .
It is also useful to consider the possible implications of such models at other scales besides the cosmological, in particular in view of the classical solar system tests of gravity and experiments probing astrophysical phenomena. In future we might be able to detect gravitational wave signal from inspiralling compact binaries. The signal of the inspiral of supermassive black holes anywhere in the universe could in principle be detected by already now feasible space interferometer. In addition to the famous binary pulsar tests, black hole systems such as the quasar OJ287 at redshift z = 0.306 [6] can provide crucial complementary constraints on extensions of GR.
To study such systems, in practise one needs to resort to different approximation methods because of the extreme complexity of the relativistic field equations. A canonical framework for this is the post-Newtonian (PN) formalism [7] , in which the metric and the equations of motion are respectively expanded around the Minkowski metric and Newton's equations. Approximation in PN orders corresponds a series expansion in terms of (v/c) 2 ∼ 1, where v is the velocity of the object and c the speed of light. Here the first PN order corresponds to (v/c) 2 , the second PN order corresponds to (v/c) 4 etc. Testing gravity theories to higher accuracy requires the calculation of corrections to higher PN order. Future experiments may require accuracy even at the level 3.5PN.
Brans-Dicke theories are prototype extensions of GR. Recently the full equations of motion for these theories were acquired up to 2.5PN order [8] . As long as the scalar field can be considered massless, the results apply also for the f (R) models of gravity [9, 10] . It was confirmed that in scalar-tensor theories, for extended objects such as mixed black-hole neutron star systems, dipole radiation terms appear at 1.5PN order [11, 12] , but for binary black holes the form of the equations of motion stays unchanged. The difference between theories is that the masses of objects are rescaled by the scalar field. As there is no independent way to determine the masses, the system remains observationally indistinguishable from GR. However, as is well known, there are many ways around the restrictive assumptions underlying the no-hair theorems (for recent examples see e.g. [13, 14] ), and therefore it is useful to explore the theory space for nontrivial observational signatures.
In this paper we study the PPN parameterisation of the Palatini-f (R) theories. These theories constitute a very special class of scalar tensor theories in which the PPN parameters are identical to general relativity and the scalar field is nondynamical. Due to these peculiar properties and due to the presence of a potential term, the previous considerations of scalar field theories within the PPN context [8, 11, 15] are not applicable to the Palatini theories. Nontrivial black hole solutions and other spherically symmetric spacetimes have been found in these theories [16] [17] [18] [19] [20] [21] . Though their microscopic interpretation may be problematical [22, 23] , and while they may not produce viable alternatives to dark energy [24, 25] at least without warm dark matter [26] , it is of interest to understand their predictions for the binary systems. Indeed, Palatini models may be seen as simplified versions of more realistic theories that unify the metric and the Palatini approaches [27] [28] [29] [30] and can provide useful toy models for taking first steps to uncover the phenomenology of more complete theories. In such theories the PPN parameters can be different from GR already at the leading order [31] .
In the present paper we derive leading corrections to the equations of motion due to Palatini f (R) theories using the DIRE approach of Pati, Will and Wiseman [8, 32, 33] . As a special case we consider a quadratic type of Palatini f (R) theory and calculate the equations of motion of a compact binary system such as black holes at 1.5PN order. The paper is structured as follows: In section II we set up the necessary machinery for the DIRE approach in Palatini theories. In section III we calculate the components of the metric up to the order required for the equations of motion in a general f (R) =R + ϕ(R) theory. In section IV we substitute the results of the previous section to geodesic equations to obtain the PN equations of motion of a compact binary system. Section V gives our conclusions.
II. DIRE APPROACH FOR PALATINI THEORIES
Let us first review the Palatini type of f (R) theories of gravity and write their field equations in terms of an effective stress-energy tensor. This is convenient for implementation of the DIRE approach which is briefly sketched in section II B. The matter stress energy is specified in section II C. Finally in section II D we compute the metric to the 1.5PN order.
A. Palatini f (R) Theories of gravity
The field equations of f (R) type of gravity theories are given by the action [9, 10] 
where κ = 8πG, R = g µν R µν is the Ricci scalar contracted from the corresponding Ricci tensor with the inverse metric g µν , g is the determinant of the metric tensor and S m contains the matter parts of the action. f (R) can in principle be any analytic function of the curvature scalar R. For f (R) = R the action is the familiar Einstein-Hilbert one and the emerging theory is just GR.
In Palatini formulation of gravity the connectionΓ α βγ and metric g µν are treated as independent variables. The field equations are found by varying with respect to both of these. In this case there are of course two sets of equations of motion describing the spacetime.
In this approach the Ricci tensor is defined as usual now only using the independent connection, i.e.R ≡R(Γ). From now on the hat denotes that a variable is defined using the independent connectionΓ α βγ . The hatted variables can depend also on the metric (e.g.R ≡ g µνR µν ) while the hatless ones depend solely on the metric. The matter part of the Lagrangian, S m does not depend on the independent connection and matter follows the geodesics of the unhatted metric connection Γ α µν [34] . It is possible to find algebraic relations between the metric curvature variables and the variables constructed of the independent connection. The relations can then in principle be used to write the field equations in terms of the metric curvature, which is convenient when we consider the equations of motion of compact objects. The field equations can be brought to Einstein-like form [24] 
where
As can be guessed, the effective stress-energy tensor T (ef f ) µν will later take the place of the simple T µν in calculations. However, the curvatureR is solved from the relation
that is simply the trace of the field equations (2) and where T is trace of the usual matter stress tensor. Assuming an analytic action f (R) that admits a flat space solution, we can expand the gravitational corrections as
The higher order terms can be assumed to be important only at very high curvature regimes. In the following, when a specific form of f (R) is required, we will take into account only the quadratic correction for simplicity.
B. DIRE approach for Palatini f (R) theories
Next we shall review the Direct Integration of Relaxed Einstein equations, or DIRE approach to compute the PPN expansion of the metric. This section section relies heavily on [33] but most of the things on relaxed equations can also be found in [35] . The DIRE approach to calculating components of the metric uses a straightforward idea of solving the metric iteratively. The resulting components are then used to write the other relevant quantities such as connections.
The Einstein equations G µν = κT
can be brought to relaxed form by first introducing a potential
and choosing to use the harmonic gauge condition
Now solving the metric tensor in (6) and substituting into the Einstein equation gives the so called relaxed version of the field equations as equations for h
where 2 = −∂/∂t + ∇ 2 is the flat-spacetime D'Alembertian and τ µν is the effective stress-energy pseudotensor
Here Λ µν contains all the non-linear contribution of the potential h µν given by
where t µν LL is the Landau-Lifshitz pseudotensor. It is possible to solve equation (8) formally as a functional of the source variables without specifying the motion of the source (hence they are called "relaxed") [33] . Note that formally the only difference with the Palatini case at hand and GR is that the stress energy tensor is replaced by the effective one as defined in Eq.(3).
In DIRE approach a formal solution of equation (8) is written as a retarded integral equation of h µν . The integration runs over past null light cone, formally
As can be seen from the definition of τ µν , both sides of the equation (11) contain h µν . For this reason we solve the equation by iteration. We assume the slow-motion, weak-field approximation (v < 1, ||h µν || < 1) so that corrections get successively smaller on every iteration cycle.
The iteration of equation (11) proceeds as follows: first substitute h µν = 0 to the right hand side of the equation (11) and solve for the first approximation 1 h µν . Next use 1 h µν to get the effective stress-energy tensor 1 T µν (ef f ) (in terms of the "conserved" baryon density ρ * , hence also T µν (ef f ) gets corrections, see (12)) and 1 Λ µν to this order. Then
to solve the second-iterated 2 h µν . Continue until the required order is obtained.
In the integrand of (11) |x−x | determines whether the observations are made in the so called near zone or radiation zone [33] . The two zones are separated by the typical wave length R of gravitational radiation. For the purpose of studying equations of motion we assume that |x − x | ≤ 2R. Points for which |x − x | ≥ 2R are considered when gravitational waveforms are studied but for now we concentrate on the near zone.
C. Matter
Next we need to specify the matter sector. Throughout calculations we use the conserved baryon mass density ρ * instead of the locally measured one ρ. The relation between the two is ρ
We model matter by the pressureless perfect fluid stress-energy tensor
where the velocity
The definition of velocity is expanded to the time-like component so that v µ = (1, v i ). As Pati and Will [36] we define the baryon rest mass, center of baryonic mass, velocity and acceleration of each body by
We are then ready to proceed as sketched in the previous subsection.
D. Metric tensor to 1.5 post-Newtonian order
For the components of h αβ Pati & Will [33] define a simplified notation:
We note that the order in which B and B ij contribute to the equations does depend on the form of f (R), see (25) . In GR these terms are O(
2 ). The metric tensor can then be expressed in terms of the above components, formally
(where -1 refers to matrix invert). To required order, which in calculating the equations of motion to 1.5PN order means g 00 to O( 5/2 ), g 0i to O( 2 ) and g ij to O( 3/2 )
Also the determinant can be expanded, and to required order we have
Using these expansions it is a matter of substitution into (10) to get the expression for the components of Λ αβ . The result is given in [33, eq. (4.4) ].
In order to calculate the metric tensor we must find the components of h αβ to orders that in this case are O( 5/2 ) for N and B, O( 2 ) for K i . Thus we use the notation
For the components of h µν , where the subscript on each term refers to post-Newtonian order of each term in the GR equations of motion.
III. CALCULATION OF THE METRIC COMPONENTS
In this section we calculate the metric components following the procedure outlined above. First in III A we obtain the Newtonian results, and in III B we compute the post-Newtonian corrections for f (R) Palatini gravity.
A. Newtonian order
As stated in II B, the iteration begins by assuming a flat space and setting h µν = 0. Then the spacetime is Minkowskian, R = 0 =R (also f (R) = 0) and we assume that f (R = 0) = 1. Then
where U is the Newtonian potential and M denotes the intersection of a constant time hypersurface t = const and the near-zone world tube D = {x µ : r < R, −∞ < t < ∞}. The outer integrals vanish since we are dealing with compact objects inside the near zone. This leads the metric determinant taking the form
To this order the metric is
which is the usual result.
B. Post-Newtonian order
Let us consider a theory
where ϕ(R) is some analytic function of the curvature scalar e.g. as in (5) . For weak fields the theory should resemble GR so we also assume that ϕ as well as its derivatives are small corrections compared toR. Thus we can write the effective stress-energy tensor (3) as
That is (assuming as before thatḟ (R) = 0)
where we have assumedḟ (R) = 0 and dropped all terms that are O(ϕ 2 ).
The source term (9) to the required order is then
Next we will calculate the near-zone integral (11) . For details of the evaluation, we refer the reader to [33] . The components of h αβ become (see Appendix A for definitions of potentials)
where we use the fact that for Poisson potentials P (∇ 2 f ) = −f +boundary terms, given in Appendix D of [33] . The last terms are the third time derivative of the I Q variable given by
The diagonal components N and B are divided into two parts according to order in which they contribute. Thus the subscript 0 denotes the parts
and the rest is denoted by N 1 and B 1 .
The components of h αβ can now be substituted to get g µν , Γ α βγ and a i 1P N . First of all, the metric tensor to 1.5 PN order is
When f (R) =R we have f = 1, ϕ = 0, P (f ) = 2U , P (U f ) = 2Φ 2 and the above reduces to the 1.5PN metric of GR [33] . When f (R) is something more complicated, we still should have f close to unity and ϕ and P (∇ i ∇ j ϕ ) small enough to retain (20) as the first approximation of g µν .
IV. EQUATIONS OF MOTION
In this section we use the result of the previous section to obtain the equations of motion. First we review the geodesic equations of motion. In subsection IV B we deduce the connection and in subsection IV C construct the equations of motion.
A. Geodesic equations as equations of motion of matter
In Palatini f (R) gravity matter follows geodesics of the metric connection Γ α µν (g µν ) (and not the independent connectionΓ α µν as implied in some literature, e.g. [37] ). The form of the used f (R) theory affects the motion through the solution of equation (3), namely g µν (R) and hence through the metric connection Γ(g µν ). Thus, the equations of motion are given by the usual relation T µν ;ν = 0, which is equivalent to the geodesic equation u µ u ν ;µ = 0. With the coordinate time t and the above definitions (13) this can be brought into form
which is an equation for the coordinate acceleration of a fluid element. The total equations of motion of Ath body are then given by integration over the body (13d). For our case of two black holes we would like to be using the delta function density ∼ m A δ(x − x A ) so that the integral could be dealt with easily. However, for Palatini f (R) problems may arise with terms that comprise the square of the baryon density (ρ * ) 2 . Formally the result is given by
which is the equation of motion of the Ath body. Next we will expand the metric tensor and the metric connection to required order for our calculation.
B. Metric connection expanded to required order
The metric connection is defined as
An explicit expression in terms of components of h µν can be obtained by substituting the above expansions (15) and (17) and using the result (25) . We get
Apart from the scaling, the connection depends on the chosen theory only through N 1 , K 1 , B 1 and product terms. Thus any observable differences are at most in the post-Newtonian order as can be expected from the metric (29a-29d).
C. Equations of motion
To obtain the equations of motion we substitute the expanded connection (33) to (30) . The result is the coordinate acceleration in the form
We have (30)
which gives the Newtonian acceleration of the 1st body as
In the next iteration cycle the apparent differences in the potentials vanish. The terms originating from Λ µν get the 1/f scaling and B dependency. Also the product terms withP (f ) vanish due to modifications in Λ µν and we are left with −4ŨŨ
,i . a. f (R) =R+αR 2 We are next going to concentrate to a theory of the form f (R) =R+αR 2 , which we interpret as being an approximation of a more general theory as in (5) . We also consider αR as a small expansion parameter and expand the scaling factor 1/f around αR = 0 as
The trace equation (4) retains its GR formR
Then using an appropriate approximation for T (ρ * ) we havê
We then need to specify the density distribution. For most cases we might just as well use the delta distribution density m A δ(x A − x). However for the Palatini correction term ∼ ρ 2 dx this is not mathematically well defined. Whatever form of distribution is used we always seem to end up in problems in the leading term in the limit where ρ * → ∞. It is a well known property of Palatini gravity that the Newtonian limit depends on the density of the sources [9, 38] . Using a delta-distribution for density can result in unphysical pathologies whereas such a distribution could work as a good approximation in GR. We therefore take into account a finite size of the compact bodies, and call the remaining density the characteristic density of the ith body, corresponding to characteristic size s, ie. ρ * i ∼ m i /s 3 i . For black holes we can then consider the limit where s vanishes.
The leading Palatini terms, the ones that are O( −3 ) can be obtained using similar kind of logic as the usual general relativistic ones. For these we get for example
where ρ * 2 ∼ m 2 /s 3 is the characteristic density of the second body. These Palatini-terms have the exact same form as the ones coming from U ,i and v j V [i,j] . The only difference is that the Palatini corrections are multiplied by 2α(8πρ * ), which is not a surprising form after we evaluated (1 + 2αR) −1 ≈ 1 − 2αR. Thus the the equations of motion of a body retain their form but one has to take into account a scaling of mass of the other body. This is in line with [8] in which the authors find that for scalar-tensor theories the equations of motion are indistinguishable to the general-relativistic ones. Their form does not change and the only difference is in the coupling constant, which scales with the scalar field. However, one could doubt whether our approximation of zero radius is justified. Next we look at this point more carefully, since the treatment of sources is crucial in the Palatini-type theories.
Expanding around s = 0
The logic goes as follows: We make a coordinate transformation from global harmonic coordinates x i to spatial coordinatesx i so thatx A is the position measured from the baryonic center of mass of the Ath body.
where the correction terms of order O( ) comprise the effects such as Lorentz boost. We then expand the integrands in powers of the characteristic size of the bodies |x| ∼ s. We use the general formula
and finally we drop all remaining terms that depend on s that is, are O(s n ) for any n ∈ Z \ 0 (n can be negative). In other words we only keep terms that are O(s 0 ). Also in our case the density can be thought to be distributed in the characteristic volume of each body, that is ρ * ∼ m A /s 3 . Thus the leading term in the (44) series is actually of order O(s −3 ). By [36] the negative powers of s correspond to self-energy corrections of the body and are omitted in the original paper. However, it is known that the gravitational constant depends on the scalar field which leads the observed mass to also depend on the scalar field. By analogy between Palatini f (R) theories and the Brans-Dicke (or more general scalar-tensor) theory a correction like this could have been expected.
To get rid of s we have to use term of appropriate power in the series (44), namely the term with three s i vectors. The s i is vector that similar to (x − x ). Its size is of order s and it lies inside the body. All terms with odd number of contributions of s i vanish because of symmetry [36, p.10] . For example, by expanding the denominator as (44) we get for PN acceleration due to the Palatini-term
which seem to vanish due to spherical symmetry. Thus we are left with only the self-energy correction.
The acceleration equation
All in all the acceleration to 1PN order with the leading Palatini corrections is
This completes our computation.
V. CONCLUSIONS
We have computed the acceleration equations for compact binary systems in Palatini-f (R) theories up to leading order in the Post-Newtonian expansion using the DIRE method. Since these theories consist of a singular class of scalar-tensor theories in which the scalar field is non-dynamical, this exercise contributes a missing detail to the general understanding of the PPN behaviour of scalar-tensor theories. It also clarifies important aspects of Palatini theories which have been subjects of long-standing debates in the literature and concern the equivalence of the conformal frames [39, 40] , the equivalence principle [34, 41] , the interpretation of averaged equations [22, 23] and the viability of polytrophic sphere solutions [17, 18] .
We found that the equations of motion retain their form in the presence of Palatini-f (R) type corrections to GR. Only the masses of the objects have to be rescaled since the corrections can be re-expressed as a modified response of gravity to matter sources. Since there is no way to independently determine the masses of the known binary objects, the Palatini models are observationally indistinguishable from GR and one has to use e.g. cosmological data to constrain them. Our result may have been expected since it is known that in vacuum these Palatini theories reduce to Einstein's GR with a possible cosmological constant (depending upon the form of the function f (R)). Nevertheless, new black hole solutions with hair have been presented in the literature for these theories (e.g. [21] ), and their equations of motion for the binary system could not have been deduced without the explicit and rather nontrivial calculation presented here.
It remains to be seen how generically the scalar tensor theories reduce to (rescaled) GR predictions in the PPN limit. Thus far studies have focused upon the Brans-Dicke form of couplings that are conformally equivalent to GR. The most general viable scalar-tensor theory, the so called Horndeski action, however includes other coupling terms which are related to GR via disformal transformations. It would be interesting to see whether these coupling terms could be constrained by their possible effects to the dynamics of compact binary objects.
